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Ïîñòàíîâêà çàäà÷è
Îáçîð áîëåå ðàííèõ ðàáîò

Ôîêóñèðóþùåå Íåëèíåéíîå Óðàâíåíèå Øðåäèíåðà

Ìû èññëåäóåì ôîêóñèðóþùåå íåëèíåéíîå óðàâíåíèå

Øðåäèíãåðà (ÍÓØ):

iϕt −
1

2
ϕxx − (|ϕ|2 − A2)ϕ = 0 (1)

ñ ãðàíè÷íûìè óñëîâèÿìè |ϕ|2 → A2 ïðè x → ±∞. A = A
ÿâëÿåòñÿ äåéñòâèòåëüíûì ÷èñëîì.
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∂ - ïðîáëåìà äëÿ ÍÓØ

ÍÓØ (1) ÿâëÿåòñÿ óñëîâèåì ñîâìåñòíîñòè ñëåäóþùåé

ïåðåîïðåäåëåííîé ñèñòåìû óðàâíåíèé (Ïðåäñòàâëåíèå Ëàêñà)

íà ìàòðè÷íóþ ôóíêöèþ Ψ:

∂Ψ

∂x
= ÛΨ, i

∂Ψ

∂t
= (λÛ + Ŵ )Ψ (2)

,ãäå:

Û = Iλ+ u

I =

(
1 0
0 −1

)
, u =

(
0 ϕ
−ϕ 0

)
Ŵ =

1

2

(
|ϕ|2 − |A|2 ϕx

ϕx −|ϕ|2 + |A|2
)

(3)
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∂ - ïðîáëåìà äëÿ ÍÓØ

ÍÓØ (1) èìååò òðèâèàëüíîå ðåøåíèå â âèäå êîíäåíñàòà ϕ = A.
Åìó ñîîòâåòñòâóåò ðåøåíèå ñèñòåìû óðàâíåíèé Ëàêñà (2) Ψ:

Ψ0 =
1√

1− q2

(
eφ q · e−φ

q · eφ e−φ

)
(4)

,ãäå:

φ = kx + Ωt, k2 = λ2 − A2

Ω = −iλk , q = − A

λ+ k

îòìåòèì:

k(−λ) = −k(λ), q(−λ) = −q(λ), φ(−λ) = φ(λ)
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∂ - ïðîáëåìà äëÿ ÍÓØ

Ìû ðàññìàòðèâàåì ∂-ïðîáëåìó â ïëîñêîñòè λ

∂χ

∂λ
= χ · f (λ, λ, x , t) (5)

óñëîâèå íîðìèðîâêè: χ→ 1 at |λ| → ∞
f-îäåâàþùàÿ ôóíêöèÿ

f = ψ0f0(λ, λ)ψ−1
0 (5)

ìîæíî ïîêàçàòü, ÷òî:

f0(λ, λ) = f +0 (λ, λ)

χ−(λ) = χ+(−λ)
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Ñâÿçü ∂ - ïðîáëåìû è ðåøåíèÿ ÍÓØ

Àñèìïòîòè÷åñêîå ðàçëîæåíèå ôóíêöèè χ:

χ = 1 +
R

λ
+ · · · (4)

ôóíêöèÿ χ óäîâëåòâîðÿåò ñëåäóþùåé ñèñòåìå óðàâíåíèé:

∂χ

∂x
= Ûχ− χÛ0

i
∂χ

∂t
= (λÛ + Ŵ )− λχÛ0 (5)

äàííàÿ ñèñòåìà ÿâëÿåòñÿ ïåðåîïðåäåëåííîé. Óñëîâèå

ñîâìåñòíîñòè:

ϕ = A− 2R(12) (6)
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Ñîëèòîííûå ðåøåíèÿ

Óäîáíî f0 â âèäå:

f0(λ, λ) =

(
0 α(λ)

α(−λ) 0

)
â ýòîì ñëó÷àå:

f (λ, λ, x , t) = αe2φA + α(−λ,−λ)Be−2φ

Ìàòðèöû A,B âûðîæäåíû:

Aαβ = aαbβ, Bαβ = cαdβ

a = (1, q), b = (−q, 1); c = (q, 1), d = (1,−q)
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Ñîëèòîííûå ðåøåíèÿ

Ñîëèòîííûì ðåøåíèÿì ñîîòâåòñòâóþò ïîëþñà îäåâàþùåé

ôóíêöèè:

α(λ, λ) = Cδ(λ− η)

Èùåì ðåøåíèÿ â âèäå:

χ = 1 +
U

λ− η
+

V

λ+ η
(7)

Ãäå U, V ïîñòîÿííûå ìàòðèöû. Îíè òàêæå îêàçûâàþòñÿ

âûðîæäåííûìè:

Uαβ = uαbβ, Vαβ = vαa
∗
β
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Ñîëèòîííûå ðåøåíèÿ

∂ - ïðîáëåìà ïðèîáðåòàåò âèä:

π{Uδ(λ−η)+V δ(λ+η∗)} = {1+
U

λ− η
+

V

λ+ η∗
}{Ãδ(λ−η)+B̃δ(λ+η∗)}

(8)

Â ðåçóëüòàòå ìû ïðèõîèì ê ñèñòåìå óðàâíåíèé â äâóõ ðàçíûõ

òî÷êàõ (η è −η∗):

uα(1 +
q

k
Ce2φ)− 1 + |q|2

η + η
Ce2φvα = aαCe

2φ

1 + |q|2

η + η
Ce2φuα + (1 +

q

k
Ce2φ)vα = bαCe2φ

Ðåøåíèÿ äàííîé ñèñòåìû ïîçâîëÿþò íàì ïîëó÷èòü ϕ:

ϕ = A− 2(u1 + v1q)
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Óíèôîðìèçàöèÿ ðèìàíîâîé ïîâåðõíîñòè

λ =
A

2
(ξ +

1

ξ
), k =

A

2
(ξ − 1

ξ
)

φ =
1

2
(æx − γt) + i

1

2
(kx − ωt)

k = A(R +
1

R
) sin(α), ω =

A2

2
(R2 − 1

R2
) cos(2α)

æ = A(R − 1

R
) cos(α), γ = −A2

2
(R2 +

1

R2
) sin(2α)
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Îáùåå ðåøåíèå

Â óíèôîðìèçîâàííûõ ïåðåìåííûõ ðåøåíèå âûãëÿäèò

ñëåäóþùèì îáðàçîì:

ϕ =
Ae2iα

2

(
2 cos(2α) cosh(u + w)− 1

a (R2 + 1
R2 ) cos(v)

cosh(u + w)− 1
a cos(v)

+

i
2 sin(2α) sinh(u + w) + (R2 − 1

R2 ) sin(v)

cosh(u + w)− 1
a cos(v)

)
Çäåñü:

u = φ+ φ∗, v = φ− φ∗

a =
1 + R2

2R cos(α)
, w = ln(a)

(9)
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Àñèìïòîòè÷åñêîå ïîâåäåíèå

Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ:

ϕ→ A ïðè x → −∞
ϕ→ Ae4iα ïðè x → +∞
|ϕ|2 = A2 ïðè x → ±∞

Òàêèì îáðàçîì, â îáùåì ñëó÷àå êîíäåíñàò "ïðèîáðåòàåò ôàçó".
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×àñòíûå ðåøåíèÿ
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8

Ñïàñèáî çà âíèìàíèå!
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